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ABSTRACT 
We introduce a powerful Monte Carlo (MC) algorithm for the atomistic simulation of bulk models 
of oligo- and poly-thiophenes by redesigning MC moves originally developed for considerably 
simpler polymer structures and architectures, such as linear and branched polyethylene, to account 
for the ring structure of the thiophene monomer. Elementary MC moves implemented include bias 
reptation of an end thiophene ring, flip of an internal thiophene ring, rotation of an end thiophene 
ring, concerted rotation of three thiophene rings, rigid translation of an entire molecule, rotation of 
an entire molecule and volume fluctuation. In the implementation of all moves we assume that 
thiophene ring atoms remain rigid and strictly co-planar; on the other hand, inter-ring torsion and 
bond bending angles remain fully flexible subject to suitable potential energy functions. Test 
simulations with the new algorithm of an important thiophene oligomer, α-sexithiophene (α-6T), at 
a high enough temperature (above its isotropic-to-nematic phase transition) using a new united atom 
2 
 
model specifically developed for the purpose of this work provide predictions for the volumetric, 
conformational and structural properties that are remarkably close to those obtained from detailed 
atomistic Molecular Dynamics (MD) simulations using an all-atom model. The new algorithm is 
particularly promising for exploring the rich (and largely unexplored) phase behavior and nanoscale 
ordering of very long (also more complex) thiophene-based polymers which cannot be addressed by 
conventional MD methods due to the extremely long relaxation times characterizing chain 
dynamics in these systems.  
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1. Introduction 
Poly-thiophenes (PTs) and their parent oligomers, α-conjugated oligothiophenes (OTs), belong to 
the family of π-conjugated organic materials which find important applications as active 
semiconducting layers in organic thin film devices.
1-4 
The unique combination of optical and 
electronic properties renders these materials particularly attractive for the design of new, low cost 
organic based thin film transistors (OTFTs),
5-10
 light-emitting diodes (OLEDs)
11, 12
 and
 
photovoltaic 
cells.
13, 14
 Key factors controlling their performance in all these applications are their ordering and 
morphology at molecular level, because these govern the rate of charge transport through the 
different layers making up a typical optoelectronic device.
15,16 
In particular, the mobility and 
lifetime of charge carriers and excitons are strongly dependent on molecular factors such as the 
geometry (dominant molecular conformations) of the molecule, their long-range intra- and inter-
molecular ordering and the degree of self-organization.
6,7,17,18 
Long-range ordered structures, 
particularly of lamellae type, facilitate carrier mobility and enhance device performance.  
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Experimentally, molecular conformation and ordering in conjugated polymers are studied 
using differential scanning calorimetry (DSC), X-ray diffraction (XRD) and polarized optical 
microscopy (POM) techniques. With these techniques it has been observed
19, 20
 that oligo-
thiophenes consisting of up to six thiophene rings (i.e., α-nT with n=2-6) present relatively high 
melting temperatures and may decompose rapidly while in the melt state.
21, 22
 Moreover, it has been 
demonstrated that α-unsubstituted OTs with up to five thiophene rings do not form mesophases,19, 21 
while the addition of more rings in the chain may result in liquid crystalline behavior at higher 
temperatures. Nevertheless, at relatively high temperatures decomposition of the chemical 
compound is possible.
22
 
In general, the experimental investigation of the phase behavior of oligo- and poly-
thiophenes remains still a challenging task. We mention the XRD, POM and DSC studies of Taliani 
et al.,
23
 Destri et al.
24
 and Porzio et al.,
25
 which indicated a crystal-to-mesophase transition for α-
unsubstituted 6T at the temperature range of 578 K - 585 K, but no mesophase-to-isotropic 
transition could be detected. According to Destri et al.,
24
 the mesophase-to-isotropic transition for 
rigid-rod molecules is hardly detectable due to the large differences in the enthalpies associated 
with the two processes (5-15 kcal mol
-1
 for the crystal-to-mesophase transition versus 0.1-0.5 kcal 
mol
-1
 for the mesophase-to-isotropic transition). This is a possible reason why the DSC 
measurements of Facchetti et al.
19
 during cooling or heating of short α-unsubstituted nTs (nTs, n=2-
6) did not show any second peak that would correspond to a mesophase. Another challenge that 
Destri et al.
24
 faced was how to obtain the XRD spectrum of a pure 6T-mesophase, most probably 
due to the competing condensation reaction that leads to formation of poly-thiophene; thus the 
mesophase could be assigned neither as a nematic nor as a smectic phase. Additional evidence for 
the instability of α-unsubstituted thiophenes samples was provided by Kuiper et al.,21 whose DSC 
measurements upon heating revealed a crystal-to-isotropic phase transition at 540 K for α-5T; 
however, its decomposition during heating rendered its crystallization unfeasible upon cooling the 
melt. We note here that for the α-unsubstituted 7T and 8T thiophenes no liquid-crystalline phases 
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have been reported thus far; only their melting points could be measured and were found oddly 
high.
26, 27
 Molecular modeling can help tremendously in this case by addressing questions related 
with self-organization and nanoscale ordering of these very important materials as they are heated 
up from their crystal structure or cooled down from their isotropic phase at relatively high 
temperatures. 
Initial attempts to study the structure of thiophene-based oligomers using computer 
simulations were focused on the crystalline phase. Using molecular mechanics and a modified 
version of the MM2 forcefield (FF),
28, 29
 Ferro et al.
30
 investigated the crystal structure of the 
tetramer (4T), hexamer (6T) and poly-thiophene (PT) of 46-47 thiophene rings,
31
 suggesting that 
the MM2 needs to be improved by assigning partial charges to the atoms of the thiophene rings 
which should be obtained from quantum-mechanical calculations. Raos et al.
32
 carried out a 
systematic investigation of the inter-ring torsion angle of the 2,2'-bithiophene using ab initio 
calculations with different levels of theory and basis sets. The resulting inter-ring torsion potential 
was used by Marcon and Raos
33
 in a subsequent Molecular Dynamics (MD) simulation study to test 
different FFs for crystalline OTs, mostly based on the MM3 FF.
34, 35
 Although their point-charge 
model described reasonably well the crystal structure, it did not reproduce accurately the 
experimental heat of sublimation.
36
 It proved, however, an adequate compromise between accuracy 
and simplicity. In the same spirit, Moreno et al.
37
 developed a hybrid model based on the all-atom 
OPLS FF
38, 39 
combined with ab initio calculations for the derivation of the atomic charges which 
was validated in test simulations of thiophene-based oligomers and polymers in the crystalline state. 
The necessity for revised torsion terms required for the proper description of these materials
40
 led to 
the development of enhanced FF models.
41-43
 
Almost all of the previous studies addressed the properties of the crystal structure of oligo- 
and poly-thiophenes. The first attempt to explore the phase behavior of an unsubstituted thiophene 
oligomer, α-sexithiophene (α-6T), was reported by Pizzirusso et al.44 In their study, an all-atom 
model based on AMBER FF
45, 46
 was used, supplemented with additional parameters for partial 
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charges and torsion potentials. Starting from the low-temperature crystal phase, a number of 
simulations at gradually increasing temperatures were performed. Both the lower-temperature (LT) 
and the higher-temperature (HT) α-6T polymorphs were predicted correctly. Moreover, three phase 
transitions were observed and their packing structures were studied in detail: (a) the transition from 
the LT-crystal to a smectic A (SmA) phase at 577.5 K, (b) the transition from the SmA-to-nematic 
(Nem) phase at 607.5 K, and (c) eventually the transition from the Nem-to-isotropic (Iso) phase at 
667.5 K. We should also mention the work of Zhang et al.,
47
 who used all-atom MD simulations 
based on PCFF
48-51
 and quantum mechanics calculations to study packing effects on the excitation 
energies of terthiophene, sexithiophene, and duodecithiophene in the amorphous phase. 
It appears that α-6Τ is the longest unsubstituted OT whose phase behavior has been 
simulated thus far in full atomistic detail. To study the structure of 20-mer thiophene (20T) system, 
Curcó and Alemán
52
 adopted a generation-relaxation scheme where the generated configurations 
were relaxed using a conventional Monte Carlo (MC) algorithm. They
 
applied a hybrid five-sited 
united-atom FF with fixed bond lengths, bond bending and endocyclic torsion angles. The potential 
governing the inter-ring torsion angle was extracted from a polynomial fit to the quantum 
mechanical energy profile for the 2,2'-bithiophene case. The van der Waals parameters were 
adopted from the AMBER FF,
45, 46
 while the electrostatic charges were derived from ab initio 
quantum chemistry calculations. The developed FF, combined with a generation-relaxation method, 
was found to overestimate the density of the amorphous phase by only 3–5%. It also indicated that 
20T chains in their amorphous phase tend to be elongated with neighboring thiophene rings 
belonging to different chains preferring parallel or antiparallel displaced-stacked arrangements. 
Poly-thiophene has also been studied by Vukmirovic and Wang
53
 as a prototype system in order to 
examine the effect of the absence of side chains on the electronic coupling between backbone 
chains (compared, for example, to that in poly(3-hexyl thiophene)). The modified CFF91
51, 54
 was 
employed in the simulations with potentials governing inter-ring rotations fitted to ab initio 
calculations. 
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As the molecular length increases, using atomistic MD simulations in conjunction with an 
all-atom FF to study phase transitions and structural ordering in poly-thiophenes becomes a 
formidable task due to the long characteristic times governing molecular relaxation and morphology 
development in high molecular weight polymers.
55
 In this case, coarse-grained (CG) models offer 
an attractive alternative. The use of a simpler system representation reduces considerably the 
degrees of freedom describing the system, which helps MD techniques based on CG models to 
access significantly longer time scales.
41, 42
 This approach has been employed in studies of poly(3-
alkyl-thiophenes) but also of more complicated systems (e.g., poly(3-hexylthiophene)/C60 blends
41
 
or ternary systems such as the solvent/poly(3-hexylthiophene)/[6,6]-phenyl-C61-butyric acid 
methyl ester system
56
). It should be noted that the successful development of CG models relies on 
the availability of reliable simulation data from all-atom FF simulations or the existence of 
experimental data;
41, 42
 also, their parameterization is valid only within the narrow range of 
temperature (and pressure) conditions where the effective CG potentials were developed.
 
Coarse-graining is clearly accompanied by a significant reduction in the degrees of freedom 
which dramatically reduces computational demands. It has thus gradually gained significant ground 
in the field. Unfortunately, coarse-graining comes together with several drawbacks:
57, 58
 a) It is not 
clear at all what features of the atomistic model to preserve in the mapping from atomistic units to 
particles; b) The range of conditions over which reasonable estimates of the structural, 
thermodynamic, and conformational properties can be expected is usually unknown;  c) Restoring 
the atomistic details lost in the averaging procedure by reverse mapping is a formidable task; d) 
Dynamic methods at the coarse-grained level should be corrected for the entropy loss (extra 
dissipation) accompanying the neglected degrees of freedom (otherwise they can be totally 
erroneous). Indeed, as explained by Öttinger,
58
 any level of coarse graining necessarily introduces 
irreversibility and additional dissipation which is often forgotten or ignored, and this severely limits 
the usefulness and range of applicability of CG models. To handle the irreversible nature of coarse 
graining, Öttinger
58
 proposed resorting to the fundamental principles of nonequilibrium statistical 
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mechanics, as opposed to strictly at-equilibrium ideas. Given all of the above open and important 
issues, it is not surprising that, even with the use of some very sophisticated coarse-grained models 
today, the simulation of structure formation at nanoscale continues to remain an open problem. 
An alternative, very promising approach to the problem of the computer simulation of self-
organization in complex polymers (such as semiconducting polythiophenes) is offered by the MC 
method through the use of appropriate moves for the efficient sampling of important configurations. 
MC relies on the generation of a Markov chain of states, i.e., a sequence of states in which the 
outcome of a trial move depends only on the state that immediately precedes it.
59-61
 Such random 
states are chosen from a certain distribution  X  , where X  denotes the macroscopic constraints 
of the statistical ensemble in which the simulation is carried out and   the phase space. Transitions 
are then traced through a scheme that involves: (a) selection of an initial configuration, (b) trial of a 
new, randomly generated system configuration, and (c) evaluation of an “acceptance criterion” to 
decide whether the trial configuration will be accepted or rejected. Thanks, in particular, to some 
very efficient moves tailored for chain systems, equilibration in a MC simulation can be accelerated 
by 4 to 5 orders of magnitude compared to atomistic MD.
62-66
  
So far, the application of the MC method has been restricted to relatively simple systems, 
such as homopolymers made up of simple repeat units resembling a poly-methylene chain.
62, 66, 67  It 
has also been applied to simulations of CG (typically one- or two-bead per amino-acid residue) 
models of polypeptides with simple moves (such as pivot and locally applied concerted rotations), 
in conjunction with accelerating (replica exchange or Wang-Landau) sampling schemes. But, the 
capabilities of the method are tremendous. An example that demonstrates its power is that of short 
alkanethiols self-assembled on metallic substrates.
68, 69
 As was shown by Alexiadis et al.,
68, 69
 
through the implementation of a novel MC scheme incorporating a number of sophisticated moves 
such as atom identity exchange, configurational bias, and intramolecular double rebridging, an 
initial configuration of alkanethiol molecules randomly placed in the simulation cell above a 
Au(111) substrate is led to a final state characterized by the formation of a highly ordered and dense 
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monolayer with structural features (tilt, twist, and precession angles) almost identical to those 
measured experimentally. This is impossible to achieve with atomistic MD. 
Motivated by this success of the MC method, in the present work we show how several 
elementary MC moves already proposed in the literature
63, 65, 70
 for the atomistic simulation of 
simple poly-methylene like molecules (such as linear and branched polyethylene) can be adapted to 
the more complicated case of thiophene-based oligomers and polymers. Driven by the tremendous 
scientific and technological interest nowadays in semi-conducting polymers,
2, 71 
our long-term 
objective is to use the new MC algorithm to simulate the liquid crystalline behavior of these 
materials.
44
 
The remainder of this paper is organized as follows: In Section 2 we discuss details of the 
molecular model used in the new MC algorithm. Section 3 introduces geometric and statistico-
mechanical aspects of all MC moves developed in this work for the simulation of oligo- and poly-
thiophenes. How the algorithm was parallelized in order to improve its performance is discussed in 
Section 4. Section 5 presents simulation results from the validation of the new algorithm with an 
important thiophene-based oligomer, α-sexithiophene (α-6T). It also presents a detailed comparison 
of the simulation results for the volumetric, structural and conformational properties of this 
oligomer in its high-temperature isotropic phase with experimental data and a previous simulation 
study using an all-atom FF. Our paper concludes with Section 6 with a brief summary of the major 
findings of this work and a short discussion of future plans. 
 
2. Molecular model and simulation details 
Motivated by the work of Curcó and Alemán
52
 and Tiberio et al.
72
 but also by several other 
studies
63, 66
 in the literature where MC moves are developed for the efficient simulation of polymer 
systems, in the present MC algorithm we make use of the united-atom representation according to 
which each C-H group in a poly-thiophene molecule is considered as a single interaction site. Our 
potential is a stiff united-atom model according to which thiophene rings are considered rigid with 
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their atoms lying on the same plane. In addition, all bond lengths are fixed to known values and the 
same for all intra-ring bond angles (Figure 1). In contrast, inter-ring bond bending and torsion 
angles are allowed to fluctuate subject to appropriate potential energy functions. These have to be 
chosen carefully because several previous studies have highlighted the importance of the correct 
treatment of the potential energies associated with inter-ring torsion angles and non-bonded 
interactions in accurately predicting the conformational and structural properties of thiophene-based 
oligomers.
33, 44, 53, 73 
 
 
Figure 1. Illustration of the detailed geometry of our stiff united-atom model around bond 2-3 
connecting two successive thiophene rings along a thiophene polymer. Atoms 0, 1, 2, 8, and 9 on 
the left ring lie on the same plane; similarly, atoms 3, 4, 5, 6, and 7 on the right ring lie on the same 
plane. Associated with the thiophene ring on the left of the bond 2-3 are the three bond bending 
angles 2 , 2,1  and 2,2 , and the torsion angle 3 . Similarly, associated with the thiophene ring on 
the right of the bond 2-3 are the three bond bending angles 3 , 3,1  and 3,2 , and the torsion angles 
4  and 5 . In our molecular model for MC simulations, all bond lengths are held fixed, and the 
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same holds for all intra-ring bond bending angles on the two thiophene rings (including angles 2  
and 3 ).  
 
The potential considered here for the inter-ring torsion angle S-C-C-S has been borrowed 
from the Dreiding FF
69, 74
 and is shown by the black curve in Figure 2. It exhibits two local minima, 
one at 
o0   (corresponding to the cis conformation) and another at o180   (corresponding to the 
trans conformation), and a maximum at 
o90  . The height of the potential at o90   corresponds 
to the energy barrier separating the cis from the trans conformation. The profile of the potential is 
similar to that proposed by Alberga et al.
43
 (shown by the green curve in Figure 2) on the basis of 
Density Functional Theory (DFT) calculations for simulations with poly(3-hexylthiophene) (P3HT) 
and poly(2,5-bis(3-alkylthiophen-2-yl)thieno[3,2-b]-thiophene) (PBTTT). According to Figure 2, 
the potential based on Dreiding is characterized by a higher energy barrier at 
o90   compared to 
the Alberga et al.
43
 potential by 1.07 kcal mol
-1
. This is consistent with recent studies
40, 75
 on the 
torsion potential of PT and P3HT, which suggest that the presence of hexyl chain in P3HT lowers 
the cis-trans barrier relative to PT due to the non-bonded repulsive interaction in the near-planar 
conformations. Also shown in Figure 2 is the torsion potential used by Pizzirusso et al.
44
 whose 
form appears to be slightly different from that of Dreiding in that it exhibits a shallow energy 
surface around the angle 
o0   On the other hand, the two potentials exhibit their local minimum 
and maximum values at the same values of the angle .  We also note that the cis-trans energy 
barrier in the torsion potential used by Pizzirusso et al.
44
 is less by ~ 1.11 kcal mol
-1
 than the energy 
barrier in the Dreiding torsion potential, implying that the inter-ring torsion potential of Pizzirusso 
et al.
44
 is more flexible. 
11 
 
 
Figure 2: Thiophene-thiophene inter-ring (S-C-C-S) torsion angle potential according to the 
Dreiding forcefield
74
 (black curve) used in this work. For comparison we also show the 
corresponding torsion angle potentials proposed by Alberga et al.
43
 (green line) and Pizzirusso et 
al.
44
 (red line).  Only the half of the horizontal axis is shown due to the symmetry of the curves. 
 
In our united-atom model for MC simulations, all non-bonded interactions between sites 
separated by more than two bonds or belonging to different molecules are described by a classical 
12-6 Lennard-Jones (LJ) potential. Moreover, and in order to keep the model as simple as possible 
(but still maintaining its atomistic nature), electrostatic interactions were neglected and their 
absence was counter-balanced by appropriately tuning the values of the LJ parameters so that the 
resulting FF provides volumetric and structural property predictions in the Iso phase in agreement 
with several data available in the literature
23, 24, 44
 
 
at the same thermodynamic conditions. A similar 
approach (i.e., not to account explicitly for electrostatic interactions) has been followed by Tibiero 
et al.
72
 for the prediction of the Nem-to-Iso phase transition temperature of 4-n-alkyl-4'-cyano 
biphenyls (nCB) series and, in particular, that of 5CB. The computed transition temperature differed 
only by ~ 5 K compared to the value obtained when Coulomb interactions were explicitly taken into 
account. Interestingly, in their early study
 on the prediction of α-4Τ crystal structure with the MM2 
FF
28, 29
, Ferro et al.
30
 had reported that better agreement with experiment is obtained when Coulomb 
terms are neglected. 
12 
 
An important step in the development of a suitable united-atom model for use in our MC 
simulations was the parameterization of the LJ parameters describing bonded and non-bonded van 
der Walls interactions. This was done iteratively as follows. We first chose as a model system a 
thiophene-based oligomer, α-sexithiophene (α-6T), for which several experimental and simulation 
data exist in the literature.
23, 24, 44, 76
 Then we ran several test MC simulations at high enough 
temperatures, between 700 K and 740 K (i.e., well above its Nem-to-Iso phase transition)
44
 by 
employing the set of moves described in the next Section to obtain predictions of its volumetric 
(density), conformational (distribution of torsion angles) and structural (radial pair correlation 
functions) properties. These were compared with the corresponding sets of data obtained from 
detailed MD simulations using the all-atom model proposed by Pizzirusso et al.
44
 and we tuned the 
epsilon and sigma parameters of the new stiff united-atom model for all atomic pairs so that the two 
sets of predictions (from the all-atom and united-atom models) at a given temperature to coincide.  
As a side product of our work, we also developed a flexible united-atom model (still without 
including electrostatic interactions) for use in MD simulations with oligo- and poly-thiophenes in 
which no geometric constraints are imposed on the molecule. In this flexible united-atom model, all 
bond lengths and bond angles in the thiophene ring can fluctuate. Moreover, thiophene ring atoms 
are not constrained to lie on the same plane but are left free to fluctuate above and below this plane 
according to pre-specified bond stretching, bond bending angle and intra-ring torsion angle 
potentials. For the optimization of the LJ parameters of this flexible united-atom model, we 
followed the same strategy as for the stiff united-atom model: namely, we chose them so that MD 
simulation predictions with the flexible model coincided with the all-atom MD simulation 
predictions of Pizzirusso et al.
44
 developed on the basis of DFT calculations. We observed that 
several sets of epsilon and sigma parameters provided good agreement between the two FFs. Thus, 
a further refinement of the parameters of the flexible united-atom model took place by detecting the 
Iso-to-Nem phase transition point in the MC simulation and tuning the LJ parameters so that this 
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comes as close as possible to the corresponding transition point obtained from the all-atom MD 
simulations. This will be discussed in a forthcoming publication. 
The functional form of all terms describing contributions to the potential energy of the 
system in the two different united-atom models (the stiff version for use in MC simulations and the 
flexible version for use in MD simulations) and their parameters are reported in Tables 1 and 2.  
 
Table 1. Functional form of the potential energies of our stiff united-atom model for use in the MC 
simulations and their parameters. 
Atom types  
Type of 
interaction 
 
Molecular model and parameters 
 
Non bonded 
interactions 
 
12 6
LJ ( ) 4
ij ij
ij ij
ij ij
U r
r r
 

    
             
 
CH1, CH* Ca S  
   (kcal mol-1) 0.08136 0.05706 0.2064 
  (Å) 3.9994612 3.681369 3.805741 
  Mixing Rules 
2
ii jj
ij
 


  ij ii jj
    
Bonded 
Interactions 
  
 
Bond bending 
 
   
2
bend bend 0U k     
Bending 
coefficients 
bendk (kcal rad
-2
) 0  (
o
) 
S-Ca-Ca 
Ca-Ca-CH1 
50 
 
 
120  
 
Torsion angle 
 
   tor tor
torsion angles
1 cosU k n d     
 
 
 
Torsion 
coefficients 
tork  
(kcal mol
-1
) 
n
 
d  (o) 
S-Ca-Ca-S 
CH1-Ca-Ca-CH1 
CH1-Ca-Ca-S 
CH1-CH1-Ca-Ca 
 
3.125 2 -180.0 
Ca-Ca-S-Ca 0.1667 2 -180.0 
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CH*-S-Ca-Ca 
CH1-CH1-Ca-Ca 
 
 
 
Table 2. Functional form of the potential energies of our flexible united-atom model for use in the 
MD simulations and their parameters. 
Atom types  
Type of 
interaction 
 
Molecular model and parameters 
 
Non bonded 
interactions 
 
12 6
LJ ( ) 4
ij ij
ij ij
ij ij
U r
r r
 

    
             
 
CH1, CH* Ca S  
    (kcal 
mol
-
) 
0.088140 0.061815 0.223600 
 (Å) 3.956927 3.64664 3.769838 
         
Mixing 
Rules 
2
ii jj
ij
 


  ij ii jj    
Bonded 
Interactions 
 
Bond 
stretching 
 Bond coefficients 
strk  (kcal Å
 -2
) 0l  (Å) 
    
2
str str 0U k l l    
S-Ca 
S-CH* 
350 1.73 
Ca-Ca 
CH1-CH1, -CH* 
Ca-CH1 
525 1.39 
 
Bond 
 Bending 
coefficients 
bendk (kcal rad
-2
) 0  (
o
) 
15 
 
bending    
2
bend bend 0U k     
CH1-Ca-Ca 
S-Ca-Ca 
 
CH*-CH1-CH1 
CH1-CH1-Ca 
CH1-Ca-S 
S-CH*-CH1 
50 120 
Ca-S-Ca 
CH*-S-Ca 
50 92.4 
 
Torsion angle 
 
   tor tor
torsion angles
1 cosU k n d       
 
Torsion 
coefficients 
tork  
(kcal mol
-1
) 
n  d  (o) 
S-Ca-Ca-S 
CH1-Ca-Ca-CH1 
S-Ca-Ca-CH1  
CH1-CH1-Ca-Ca 
 
CH1-CH1-Ca-S 
S-CH*-CH1-CH1 
CH*-CH1-CH1-Ca 
 
Ca-CH1-CH1-Ca 
 
3.125 
 
2 
 
-180.0 
Ca-Ca-S-Ca 
CH*-S-Ca-Ca 
 
CH1-Ca-S-CH2 
Ca-S-CH*-CH1 
CH*-Ca-S-Ca 
Ca-S-Ca-CH1 
 
0.1667 
 
2 
 
-180.0 
 
Please note the absence of energetic terms associated with improper angles, because 
preliminary MD simulations with the flexible united-atom model developed here showed that these 
were not necessary for the successful prediction of the mesophase behavior of α-6T (based on the 
all-atom model by Pizzirusso et al.
44
). Also, in all MD and MC simulations, a uniform cutoff of 12 
Å was employed for the LJ interactions together with standard tail corrections for the energy and 
pressure, whereas 1-4 pairwise LJ interactions were taken into account with a factor of 1. 
The MC simulations were carried out using three different-sized cubic simulation cells 
consisting of 140, 560 and 1120 α-6T molecules, respectively, subject to standard periodic 
boundary conditions along all three space directions. In all cases, the initial configuration consisted 
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of an array of identical α-6T chains in their all-trans conformation, placed in a box with density 
approximately equal to 0.80 g cm
-3
. This configuration was subject to a fast MC relaxation in the 
NVT ensemble at 1000 K to obtain a configuration which is free of excessive long-range atom-atom 
overlaps, followed by a MC equilibration simulation of almost 10
8
 trial moves (steps) in the NPT 
statistical ensemble at the same temperature and 1 atm. The resulting configuration (with a density 
approximately equal to 0.72 g cm
-3
) was used as the initial configuration for the subsequent MC 
simulations in the range of temperatures of interest in this work (between 800 K and 740 K and P = 
1 atm). In these conditions, the system studied (α-6T) is in the Iso phase and all of its physical 
quantities of interest were observed to fully equilibrate within about 10
8-
10
9
 MC steps (for more 
details, see Section 4). Test MC simulations at lower temperatures showed that equilibration was 
slower, especially below 700 K where the first phase transition was observed to occur from the Iso 
phase to a phase with long range ordering. In all MC runs, the pressure was kept constant, equal to 
P = 1 atm.  
The corresponding MD simulations were performed also with a cubic simulation cell 
containing 1120 α-6T molecules (subject again to full periodic boundary conditions). The initial 
configuration was created using the Amorphous Builder module
77
 integrated in the Scienomics 
MAPS software,
78
 with the mass density set to 0.80 g cm
-3
). The resulting amorphous structure was 
subjected to a potential energy minimization to remove undesired atom-atom overlaps, followed by 
a long MD simulation in the NPT statistical ensemble at T = 740 K and P = 1 atm. The duration of 
the run at these conditions was long enough to ensure full equilibration of the simulated α-6T 
system at all length scales. The MD simulations were performed with the LAMMPS
79
 code using 
the Nosé-Hoover thermostat-barostat
80, 81
 with relaxation times equal to 10 fs and 350 fs, 
respectively, to maintain the temperature and pressure constant at their desired values. The 
equations of motions were integrated using the velocity-Verlet method with an integration time step 
equal to 1.0 fs. 
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3. Monte Carlo moves 
The MC algorithm implemented in our work for the simulation of oligo- and poly-thiophenes is 
based on moves introduced previously for simpler polymer chemistries and architectures such as 
linear polyethylene,
64, 66
 cis-1,4 polyisoprene,
65, 82
 H-shaped polyethylene,
83
 short- and long-chain 
branched polyethylene,
83
 perfluorinated alkanes,
84
 and tri-arm symmetric star polyethylene.
70
 It 
involves only moves which preserve chain connectivity. More complex chain-connectivity altering 
moves such as end-bridging which typically introduce polydispersity in the system were not 
implemented. 
In the following description of the implemented MC moves, united atoms are denoted by the 
letter C or S (which stands for carbon and sulfur, respectively) followed by a number which denotes 
the local index of the specific atom along the backbone of a poly-thiophene molecule. After an 
attempted MC move, atomistic units in their new positions are denoted by a prime. An example of 
the terminology used can be seen in Figure 3 illustrating the end-ring rotation move. The move 
entails the rotation of the very left thiophene ring by changing the inter-ring angle   by  . Then 
the positions of all atoms C1 , C2 , S3 , C4  and C5  on the rotated ring change and the new ones are 
denoted respectively as C1 , C2 , S3 , C4  and C5 . 
In the new MC algorithm, most moves involve building a new position for an entire 
thiophene ring. This is typically achieved by first building three successive atoms of the ring. The 
positions of the other two atoms then are specified by utilizing the constraint of ring planarity and 
the fixed values of bond lengths and bond bending angles on the ring. In the following, we will 
heavily refer to this procedure as the ring completion scheme. 
 
(a) End-ring Rotation: This move is schematically illustrated in Figure 3 and involves the random 
rotation of an entire terminal thiophene ring at the beginning or at the end of an α-6T molecule. The 
move is realized by first specifying the new positions of atoms C4, S3 and C2. First, atom C4  is 
built from the positions of atoms C9, S8 and C7 by using the new (chosen) value of torsion angle 
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C4 -C7-S8-C9  , the known (fixed) value of bond length  C4 -C7 C4-C7l l   and by choosing a new bending 
angle C4 -C7-S8  ; we thus write  C4 -C7 C4 -C7-S8 C4 -C7-S8-C9C4 , ,l     .  Then atom S3  is built from the known 
positions of atoms S8, C7 and C4  by choosing a new value for the torsion angle  S3 -C4 -C7-S8   , a new 
bending angle S3 -C4 -C7     and the known (fixed) value of bond length  C4 -S3 C4-S3l l  ; we thus write 
 C4 -S3 S3 -C4 -C7 S3 -C4 -C7-S8S3 , ,l       . Finally, atom C2  is built from the knowledge of the positions of 
atoms C7, C4  and S3  by choosing a new value for the torsion angle C2 -S3 -C4 -C7    , a new bending 
angle C2 -S3 -C4     and the known (fixed) value of bond length  C2 -S3 C2-S3l l   ; we thus write 
 C2 -S3 C2 -S3 -C4 C2 -S3 -C4 -C7C2 , ,l          . The new torsion angles are selected by sifting the old ones by an 
angle   randomly selected in the range  max max,    with 
o
max 60  . The positions of the 
remaining two new atoms C1  and C5  on the ring are specified by applying the ring completion 
scheme. Using this approach for rotating an end thiophene ring, we sample both its relative rotation 
and bending with respect to its neighboring ring in the molecule. 
Trial values of the non-rigid angles are selected according to the Boltzmann factor of the 
corresponding bending potential times their sine, i.e., according to  
2
osin  exp 2      
k , 
where 1 Bk T    and kB is the Boltzmann constant. The corresponding acceptance criterion reads 
 acc min 1,  expp U               (1) 
where U  is the potential energy difference between initial and final states without accounting for 
bond bending contributions due to the biased selection of the bond bending angles. 
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Figure 3. Schematic illustration of the end-ring rotation move. Torsion angles 
i ,  j  and k
correspond to C4 -C7-S8-C9  ,  S3 -C4 -C7-S8   ,   and C2 -S3 -C4 -C7    , respectively.  
 
(b) Ring-Flip: In the ring-flip move (depicted in Figure 4), an internal thiophene ring is randomly 
selected and rotated with respect to its two neighboring thiophene rings on its right and its left by a 
rotational angle   that controls the position of its sulfur atom on its locus, the circle 
†C  in Figure 
4. Initially, the sulfur site S13 is rotated around the axis connecting the two neighboring carbon 
atoms C12 and C14. Its new position S13  on the circle †C  defined by the fixed-length bonds 
 C12-S13 C12-S13l l   and  S13 -C14 S13-C14l l   is specified by the value of the randomly selected rotational 
angle   chosen from a pre-set interval  max max,    with 
o
max 60  . Given that two other 
atoms on the flipped ring remain unchanged (atoms C12 and C14), the positions of the remaining 
atoms C11  and C15  are specified by invoking the ring completion scheme. During our 
implementation of the flip move, the values of four bond bending angles ( C9- C12-S13' , 
S13 - C14- C17' , C9- C12- C11' , C15 - C14- C17' ) and twelve torsion angles ( C10-C9-C12-S13' ,
C10-C9-C12-C11' , S8- C9- C12-S13' , S8-C9-C12-C11' , C9-C12-C11 -C15' ' ,  
C9-C12-S13 -C14' , C11 -C15 -C14-C17' ' , C12-S13 -C14-C17' , S13 -C14-C17 -S18' , 
S13 - C14 - C17 - C16' , C15 -C14-C17 -S18' , C15 -C14-C17 -C16' ) change. 
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In Appendix A we show that the Jacobian entering the acceptance criterion of the ring-flip 
move depends only on the values of bond lengths C12-S13l  and S13-C14l , and of bond angle C12-S13-C14 ; 
since these  remain unaltered in our implementation of the move, the Jacobian cancels out from the 
acceptance criterion, which finally takes the form: 
 acc min 1,  expp U               (2) 
where U  is the potential energy (the sum of bond bending energy, torsion energy and LJ energy) 
difference between new and old states.  
 
 
Figure 4.  Schematic illustration of the ring-flip move.  
 
(c) Translation: This move translates the center-of-mass of a randomly selected α-6T molecule and 
is implemented in two different ways: In the first (which is selected with probability 20%), the 
molecule is translated along the end-to-end vector of the thiophene molecule by a random distance 
dr  selected from a pre-set interval  max max,dr dr  with maxdr = 1 Å. In the second (which is selected 
with probability 80%) the molecule is translated along a vector whose components differ slightly 
from those of the end-to-end vector by small values randomly selected in the pre-set interval 
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 max max,dr dr  with maxdr  = 1 Å. In both cases, the internal degrees of freedom of the molecule are 
left unchanged since the molecule is treated as a rigid body, implying also no change in the 
intramolecular energy of the system. As a result, the acceptance criterion of the move is  
 acc min 1,  expp U               (3) 
where U  includes only intermolecular contributions.  
 
 
Figure 5.  Schematic illustration of the translation move. The end-to-end vector of an α-PT 
molecule is illustrated before (blue chain) and after (grey chain) the trial move with red and white 
colors, respectively. Nr is equal to the number of thiophene rings in the molecule. 
 
(d) Rotation: In this move, a randomly selected poly-thiophene molecule is rotated about an axis of 
a local orthonormal frame (Oxyz) placed at the center-of-mass of the molecule (see Figure 6). The 
three axes of Oxyz are defined as follows: axis Oz is taken to be parallel to the end-to-end vector of 
the selected chain; axis Oy is along the direction of the vector defined by the sum of two vectors 
that point from the united carbon atoms to the sulfur atom on a randomly selected ring (see Figure 
6). The two unit vectors along Oy and Oz are next ortho-normalised using the Gram-Schmidt 
method which helps define the third axis, axis Ox; this is taken to point in the direction of the vector 
defined by the cross product of the unit vectors along axes Oy and Oz. The axis (Ox or Oy or Oz) 
along which the molecule is rotated as a rigid body is chosen randomly. The corresponding angle of 
rotation a is selected randomly from a pre-set interval  max max,a a  with maxa  = 10°. In the move, 
the chain is considered as a rigid body, thus its internal degrees of freedom remain unaltered. The 
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same acceptance criterion therefore applies as in the case of the translation move (see eq 3). Our 
implementation of the chain rotation move is preferable to the standard one where the chain is 
rotated with respect to an axis of the laboratory frame Kx y z    (see Figure 6), because the extended 
spatial repositioning of the rotated molecule is avoided, thus resulting in higher acceptance rates. As 
we will discuss in detail in a forthcoming publication, the use of the chain rotation move was 
essential for observing phase transitions with decreasing temperature, because it helps the system 
sample efficiently new molecular orientations which are important for obtaining orientationally 
ordered phases. 
 
 
Figure 6. Schematic illustration of the rotation move for an α-6T molecule. The dashed line is 
along the end-to-end vector of the molecule. 
 
(e) Volume Fluctuation: This move is used to perform constant pressure simulations by sampling 
fluctuations in the density of the system. During the move the simulation box is expanded or 
contracted by modifying all of its edge lengths by a random amount in the interval  max max,dr dr
with maxdr  = 0.5 Å. Then, the first atoms of all chains are affinely displaced following the isotropic 
deformation of the box while the internal degrees of freedom of each molecule are left unaltered. 
The acceptance criterion is formulated based on the instantaneous enthalpy difference before and 
after the move for a system consisting of 
chN chains and has the form: 
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  afteracc ch
before
min 1,  exp ln
V
p U P V N
V

  
       
   
      (4) 
where P denotes the pressure, U  the intermolecular potential energy difference before and after 
the move, beforeV  the volume before the move and afterV   the volume after the move.  
 
(f) Bias-Reptation: During this move, an end thiophene ring from a randomly selected molecule is 
cut off and appended to the other end of the same chain (see Figure 7). Given the need for a position 
with a relatively large free volume where the reptated ring can be accommodated, the torsional 
degree of freedom (torsion angle) defining the new position of the ring should be selected in a 
biased fashion.
85
 Thus, following the standard practice
85
 the selected end ring is cut off and the 
excised segment C2-S3-C4 (Ncut = 3) is rebuilt on the other end of the same poly-thiophene 
molecule by selecting a number of trial positions Ntrial for each atom to be regrown; six possible trial 
positions are generated (Ntrial = 6) for each atom in our implementation. As in the case of the end-
rotation move, the two bending angles Sk3-Ck4-C2   and Ck4-C2 -S3     defining the position of the trimer 
are selected based on the corresponding Boltzmann weights of their bong angle energies. In 
addition, each of the three torsion angles Ck2-Sk3-Ck4-C2  , Sk3-Ck4-C2 -S3    and Ck4-C2 -S3 -C4      needed to define 
the new positions of atoms C2 , S3  and  C4 , respectively, are picked up from the Ntrial angles with 
probability given by:  
 
 
trial
,torold new
,tor
1
exp
exp
j
i
i N
j
i
j
U
p
U







         (5) 
where ,tor
j
iU  denotes the torsion energy corresponding to the case that atom i  is placed in trial 
position j . The bias introduced by the selection process is removed by using the Rosenbluth 
statistical weight of the new state: 
 
cut trial
old new
,tor
11
exp
N N
j
i
ji
W U

 
  
 
         (6) 
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To satisfy the criterion of microscopic reversibility, the statistical weight of the old state 
old newW   
associated with the inverse problem should also be calculated in the same fashion. The ring 
reconstruction is finally completed by applying the ring completion scheme to specify the positions 
of the remaining two new atoms C1  and C5 . The acceptance criterion of the bias-reptation move is 
 
old new
acc new old
min 1,  exp
W
p U
W



 
   
 
          (7) 
where U  denotes the potential energy difference between initial and final states without 
accounting for bond bending and torsion angle contributions.  
 
 
Figure 7. Schematic illustration of the bias-reptation move. Nr is equal to the number of thiophene 
rings in the molecule and k5 (= 5Nr) is the total number of atoms in a chain. 
 
(g) Concerted Rotation: This move (ConRot) was introduced by Dodd et al.
86
 in order to rearrange 
internal parts of a polymer chain in a concerted motion fashion that alters several internal degrees of 
freedom in a coordinated way, while maintaining chain integrity. In our implementation for poly-
thiophene molecules, this move is initiated by rearranging a C-S-C trimer in a randomly chosen 
thiophene ring, e.g., segment C12-S13-C14 in Figure 8. The two atoms C9 and C17 neighboring the 
trimer are displaced through a small rotation of the corresponding rings around the bonds C7-S8l  and 
S18-C19l , respectively. This alters also the positions of atoms C6, C10, C16 and C20. The 
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corresponding rotation angles (  and   in Figure 8) are randomly selected within pre-specified 
bounds  max max,    with max  = 10°. The driving of the neighboring atoms leads to improved 
sampling of the trimer position, which is determined by solving the geometric problem of trimer 
bridging.
66, 86, 87
  The new positions C12 , S13  and C14  are defined by specifying the values of 
four bond lengths ( C9 -C12l   , C12 -S13l   , S13 -C14l    and C14 -C17l   ) which in our case are fixed and of five bond 
angles ( S8-C9 -C12   , C9 -C12 -S13    , C12 -S13 -C14    , S13 -C14 -C17     and C14 -C17 -S18   ). In our implementation of the 
ConRot move, these five bond angles are selected in a bias way according to the Boltzmann factors 
of their corresponding bond bending potentials, exactly as we did in the case of the end-ring 
rotation move. Using these predefined values, the solution of the bridging problem provides a 
maximum of 16 possible solutions for the trimer that reconnects the driven atoms on its left and 
right. Of these, only a small subset of 
new
solN  results in reasonable torsion angles (i.e., inter-ring S-C-
C-S torsions close to cis or trans conformation) and no overlaps with neighboring atoms. From this 
subset, a random solution 
new
soli  is selected based on the Boltzmann factor of the corresponding 
torsion energy  newsoltor i
U . Therefore, the attempt probability 
old new
selectp

 for the forward move is given 
by: 
 
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         (8) 
Finally, the positions of new atoms C11  and C15  are computed according to the ring completion 
scheme mentioned several times so far. During the ConRot move, the configuration of the chain is 
drastically modified, because eleven inner atoms C6, C9, C10, C11, C12, S13, C14, C15, C16, C17 
and C20 are repositioned. The microscopic reversibility is imposed by attempting the reverse move 
as well, which results in the original chain configuration; the corresponding attempt probability is 
old new
selectp

. The formulation of the trimer bridge solution requires the transformation from Cartesian 
26 
 
coordinates to internal coordinates, thus the corresponding Jacobian of the transformation
66
 should 
also be used in the Metropolis criterion of the move, which is eventually expressed as 
 
new old new
select
acc new old
select
min 1,  exp
old
p J
p U
p J



 
   
 
       (9) 
where U  denotes the potential energy difference between initial and final states without taking 
into account contributions due to the chosen biased bond bending angles and 
newJ  and 
oldJ  are the 
respective Jacobians. Their detailed mathematical form is reported in refs 66, 86 and 87. 
 
 
 Figure 8. Schematic illustration of the ring-ConRot move. 
 
4. Moves acceptance rates - Parallelization of the new Monte Carlo algorithm 
We carried our preliminary MC runs in the NPT ensemble at P = 1 atm and at several temperatures 
above 700 K for the system to be in its isotropic state using the following mix of moves which gave 
almost optimal efficiency: 20 % bias-reptations, 7 % end-ring rotations, 5 % ring-flips, 10 % 
ConRot’s, 25 % translations, 30 % rotations and 3 % volume fluctuations. As already mentioned in 
Section 2, we worked with three different systems, containing 114, 560 and 1120 α-6T molecules of 
27 
 
almost the same initial density (0.72 g cm
-3
). The resulting acceptance rates of the seven MC moves 
and the total number of MC iterations needed to fully equilibrate the systems as functions of system 
size and temperature (in the region between 700 K and 800 K) are reported in Table 3. The total 
number of iterations for complete equilibration was computed based on the time needed for the time 
autocorrelation function of the unit vector along the end-to-end vector of the α-6T molecule to drop 
to zero (see also Section 5.2 below). The very low acceptance rates of the bias-reptation and 
ConRot moves are evident for all systems: only about 0.30 % of the attempted bias-reptation and 
only 0.12 % of the attempted ConRot moves are accepted. Despite this, however, our proposed MC 
algorithm is capable of fully equilibrating the three tested systems within reasonable CPU time. It is 
also interesting that the acceptance rates of the moves are practically system size - independent. 
Obviously, as the temperature is lowered, the acceptance rates of all moves drops, which might be a 
problem when the algorithm is used to simulate morphological transitions at lower temperatures 
associated with the appearance of ordered phases. The problem can be overcome by implementing a 
parallel version of the new algorithm, very similar in nature to the parallel tempering method.
82
 
 
According to this, an extended ensemble of systems is considered each one of which is a replica of 
the original system, equilibrated however at different (smaller) values of the repulsive core 
diameters characterizing van der Waals interactions in the system, at the same temperature. In this 
parallel MC method, except from the MC moves described in Section 3, an extra move is 
introduced, realized by swapping configurations between systems with adjacent Lennard-Jones core 
diameters. The method has already been used with great success by Alexiadis et al.
69
 in simulating 
the self-assembly of alkane-thiols on Au(111) at surface densities close to full coverage.  
 
Table 3. Attempt probabilities and average acceptance rates of the MC moves employed in the new 
Monte Carlo algorithm and total number of MC iterations needed to fully equilibrate a bulk 
isotropic α-6T system. Results are reported as a function of system size and temperature. 
Move Attempt Acceptance rate % 
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The average CPU time per MC iteration for serial execution was calculated to be 
approximately 0.013 seconds. Therefore, a MC simulation of 10
9 
steps requires a significant 
execution wall time, on the order of many days. To speed up algorithm execution, we profiled the 
new code and as expected
84
 we found that volume fluctuation was by far the most computational 
intensive part of the algorithm due to the need to re-calculate (whenever an attempted volume 
fluctuation move passed the early rejection criteria) and update (whenever the move was accepted) 
the Verlet neighbor list. Even in cases when volume fluctuation was attempted with as low a 
probability as 1 %, its cost (fraction of total execution time spent in this move) could be as high as 
78 % (see Table 3). To overcome this, the volume fluctuation move was parallelized using two 
different techniques, one based on Message Passing Interface (MPI) and another based on GPU 
multithreading. The MPI implementation made use of the force decomposition approach. During 
the attempt phase of a volume fluctuation move, each process calculates the new positions of the 
atoms for a number of α-6T chains (the number of chains is equally distributed among the 
processes). Then, the coordinates of all atoms in the system are updated across the processes using 
the collective communication functionality of MPI, with the number of pairs to be checked for the 
update of the various lists (Verlet, linked cells, etc.) being equally distributed among them. As far as 
the GPU implementation is concerned, the interested reader is referred to a recent work by our 
group (see ref 84). 
probability 
% 
560-chain system 1120-chain system 
740K 800K 800K 
end-ring rotations   7   5.20 ± 0.30   6.00 ± 0.2   6.00 ± 0.3 
bias-reptations 20   0.20 ± 0.04     0.30 ± 0.03     0.30 ± 0.03 
Translations 25 12.10 ± 0.50  13.50 ± 0.3 13.70 ± 0.3 
Rotations 30 27.00 ± 0.40 29.00 ± 0.3 29.10 ± 0.3 
ring-flips   5 17.50 ± 0.30 18.40 ± 0.3 18.50 ± 0.3 
volume fluctuations   3   3.10 ± 0.20   3.20 ± 0.3   2.00 ± 0.3 
ConRots 10   0.12 ± 0.05     0.14 ± 0.05     0.12 ± 0.05 
Monte Carlo iterations 1 x 10
9
 5 x 10
8
 7 x 10
8
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The improvement in computational efficiency for each of the two techniques was quantified 
by calculating the speedup S defined as the ratio of wall time for serial execution over wall time for 
parallel execution. Although the achieved speedup depends on a number of factors such as the size 
of the system, the percentage of attempting a volume fluctuation move and the CPU/GPU device 
combination, the GPU implementation gave always a higher performance. Our benchmark tests 
were performed on an Intel(R) Xeon(R) E5-2660v3 (2.6GHz) CPU, combined with an NVIDIA 
Tesla K40 GPU device using a simulation cell containing 560 α-6T chains (corresponding to a total 
of 16,800 atoms) at temperature T = 740 K and pressure P = 1 atm with the same mix of moves as 
the one reported in Table 3, but by progressively increasing the percentage of volume fluctuations at 
the expense of ring-flips and end-ring rotation moves. The results obtained are presented in Table 4. 
We see that the overall speedup S achieved was close to 6 for the GPU implementation and close to 
3 for the MPI implementation. Therefore, the GPU implementation was preferred in all subsequent 
MC simulations in this work with the new MC algorithm. 
 
Table 4. % attempt probability of volume fluctuation moves, their average computational cost (CVF) 
and the corresponding speedups S achieved with the MPI and GPU implementations. The 
simulation was performed with 560 α-6T chains in a cubic periodic box with initial dimensions Lx = 
Ly = Lz = 80 Å. Here, we report the optimum MPI results achieved using 12 CPUs. In all cases, the 
error in the speedup was equal to 0.05. 
 
% attempt 
probability of volume 
fluctuation moves 
CVF (%) SMPI SGPU 
1 78 2.86 3.41 
3 93 2.86 6.02 
5 96 3.49 6.99 
 
 
30 
 
5. Results and Discussion  
5.1. Validation. To check that all moves were properly implemented in the new MC code, we first 
tested the algorithm in simulations with α-6T phantom chains (that is α-6T chains with only bond 
angle bending interactions) at T = 1000 K. To check each move separately, several MC tests were 
made with different mixes of moves. For example, to check the proper implementation of the bias 
reptation move, we ran phantom chain MC simulations with 100% bias reptations. To check the flip 
move, on the other hand, we ran simulations with only 2% bias reptation moves and 98% flips 
(because with the flip move alone the code is not ergodic). And the same with the end-ring rotation 
and ConRot moves. From the phantom chain simulations, one calculates the normalized distribution 
of bond bending and torsion angles, which can then be compared with the corresponding theoretical 
distributions from the same FF.  
For poly-thiophene molecules, of interest in our phantom chain MC simulations are the 
distributions of the four bond angles 2,1 , 2,2 , 3,1  and 3,2 , and of the two inter-ring torsion angles 
3  and 4  around the bond connecting two successive thiophene rings. All of them are defined in 
Figure 1 presenting the detailed geometry locally along the bond connecting two successive 
thiophne rings. The torsion angle 3  refers to atoms 0, 1, 2 and 3 in Figure 1 and is known as the 
C-S-C-C inter-ring torsion angle. Similarly, the torsion angle 4  relates to atoms 1, 2, 3 and 4 in 
Figure 1 and is known as the S-C-C-S inter-ring torsion angle. The theoretical distributions of these 
four bending and two torsion angles are derived in Appendix B. We first calculated the probability 
distribution   2,1 2,2 3,1 3,2, , ,P      of the bond bending angle quad  2,1 2,2 3,1 3,2, , ,    . We found 
(see Appendix B.1): 
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 
 
2,1 2,2 3,1 3,2
3 2
bend ,
2 1
2,1 2,2
2 2 2
2 2,1 2,2 2 2,1 2,2
3,1 3,2
2,1 2,2 3,1 3,2
2 2 2
3 3,1 3,2 3 3,1 3,2
, , ,   
exp
sin sin
1 cos cos cos 2cos cos cos
sin sin
1 cos cos cos 2cos cos cos
i j
i j
P
U
d d d d d
   
 
 
     
 
   
     
 

 
   
 
   
   

4
   (10) 
 
This implies that  
     2,1 2,2 3,1 3,2 2,1 2,2 3,1 3,2, , , ,  ,P P P              (11) 
i.e., the probability distribution functions of the pairs  2,1 2,2,   and  3,1 3,2,   are independent 
and mathematically identical, because of the equivalence of stiff angles 2  and 3  (see Figure 1). 
Moreover,  2,1 2,2,P    is symmetric with respect to 2,1  and 2,2 , and  3,1 3,2,P    symmetric 
with respect to 3,1  and 3,2 . That is, the probability distributions for all four angles 2,1  , 2,2 , 
3,1  and 3,2  are the same! 
By further moving to a description in terms of the angle 2,2  from a description in terms of 
the torsion angle 3  (the torsion angle of atoms 0, 1, 2 and 3 in Figure 1), calculating the 
corresponding Jacobian and substituting back (see Appendix B.2), we find: 
 
   
   
2,1 2,2 2,1 2,2 3,1 3,2 2,1 2,2 3,1 3,2
2,1 2,2 bend 2,1 bend 2,2
2,1 2,2
2 2 2
2 2,1 2,2 2 2,1 2,2
,   , , ,
sin sin exp exp
1 cos cos cos 2cos cos cos
         
     
 
     

       
   
P d d d d P
U U
d d
    (12) 
 
Therefore, the normalized probability distribution of 2,1  is given by the following expression: 
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 
 
 
2,2 2,1 2,2
0
2,1
2,1 2,2 2,1 2,2
0 0
,
,
d P
d d P

 
  
 
   


 
         (13) 
and the same expression holds for 2,2 , 3,1  and 3,2 . The integral appearing in eq 13 can be easily 
calculated using MC integration and the result (the same for the four angles) is shown in Figure 9, 
together with the corresponding distribution as computed directly from our MC algorithm with 
phantom α-6T molecules using 100% bias-reptation moves. The two sets of data coincide, which is 
an indirect proof that the bias-reptation move was properly implemented in our MC algorithm. As 
explained above, the test was repeated with different mixes of MC moves, each time giving the 
highest weight to the move whose implementation we wanted to check. For example, to check the 
correctness of the implemented ring-flip move, the mix of moves used consisted of 1% bias-
reptations, 1% ConRot’s and 98% ring-flips, i.e., we included a small percentage of bias-reptations 
and ConRot’s in order to render the simulation ergodic (because the way the ring-flip was 
implemented in our code does not sample degrees of freedom associated with the two end thiophene 
rings). Again, simulated and theoretical probability distributions were found to coincide, implying 
that also the ring-flip move was properly implemented. And the same procedure (to apply 1% bias-
reptations) was followed to check that also the ring ConRot move was properly implemented. We 
further note here that the rigid chain translation, the rigid rotation and the volume fluctuation moves 
do not affect the internal degrees of freedom of the simulated molecule, thus no phantom chain MC 
tests could be made to check their correct implementation. 
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Figure 9. Normalized probability distribution of inter-ring bond bending angles 2,1 , 2,2 , 3,1  and 
3,2  around the bond connecting two successive thiophene rings in an α-6T molecule at T = 1000 K. 
The squares correspond to the theoretical distribution according to eq 13 and the line to the 
simulation results from our MC algorithm with phantom α-6T chains.  
 
In Appendix B, we also derived an analytical expression for the probability distribution 
 3P  of the inter-ring torsion angle 3  (or C-S-C-C ) using the constraint that all ring atoms are co-
planar (see appendix B.3). The result is: 
 
 
   
   
2,1 bend 2,1 bend 2,2 2,1
0
3 2
3 2,1 bend 2,1 bend 2,2 2,1
0 0
sin exp
sin exp

 
     
 
      
   

   

 
U U d
d U U d
    (14) 
 
and is graphichally shown in Figure 10 by the black squares. For comparison, also shown in the 
same Figure are the simulation results from our MC algorithm with phantom a-6T chains for a mix 
of moves which guarrantees ergodic simulation. The two sets of data again coincide, which is an 
another indication that all MC moves have been implemented corectly in our algorithm. 
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Figure 10: Normalized probability distribution of torsion angle 3  corresponding to atoms 0, 1, 2 
and 3 (also known as the C-S-C-C inter-ring torsion angle) as obtained from the MC simulations 
with phantom α-6T chains and as computed theoretically (black squares) according to eq 14 (Τ = 
1000 Κ). Because of its symmetry with respect to 180°, only half of the graph is shown.  
  
As far as the torsion angle 4  (or S-C-C-S ) is concerned (see Figure 1), according to eq 15 this 
should be uniformly distributed in the interval [0, 2π): 
 
 4
1
2
 

             (15) 
 
Graphically, this is shown in Figure 11 together with simulation results from our MC code with 
phantom α-T6 chains with the following mix of moves: 25 % bias-reptations, 25 % ring-flips, 25 % 
ConRot’s and 25 % end-ring rotations. Our MC simulation results are consistent with the theoretical 
predictions, which is another indication of the correctness of our MC algorithm. 
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Figure 11. Normalized probability distribution of the torsion angle 4  corresponding to  atoms 1, 2, 
3 and 4 (also known as the S-C-C-S torsion angle) as obtained from the MC simulations with 
phantom α-6T chains (red squares) and as computed theoretically (black squares) according to eq 
15 (T = 1000 K). Again, because of its symmetry with respect to 180°, only half of the graph is 
shown. 
 
5.2 Computational efficiency. In addition to the proper implementation of the MC moves, equally 
important is to examine how efficiently the new algorithm can equilibrate bulk models of oligo- and 
poly-thiophenes. This can be tested by computing the time needed for the orientational 
autocorrelation function    0t u u  of the unit vector u  directed along the chain end-to-end 
vector R  with CPU time (T = 740 K, P = 1 atm) to drop to zero. The vector R  is defined as the 
vector connecting the CH* (see atom types of Table 1) atomistic units between the first and last ring 
along a thiophene molecule. By construction, the rate with which the function    0t u u  drops 
to zero is a measure of how fast the system de-correlates from its initial configuration; it provides 
therefore a measure of the efficiency of the simulation method in equilibrating the long-range 
characteristics of the system. We have used the new algorithm to simulate a bulk system of α-6T 
molecules at T = 740 K and P = 1 atm, and the result obtained is displayed in Figure 12 where MC 
iterations have been transformed to CPU time. We chose α-6T because it is a rather well-studied 
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oligo-thiophene both experimentally
23, 24, 76
 and computationally.
44
 For comparison, we also show in 
Figure 12 the corresponding curve obtained from simulating the same system not with MC but with 
the MD method at the same temperature and pressure. To make the comparison fair between the 
two methods, both MC and MD simulations have been executed serially (i.e., on a single CPU). It 
turns out that for this small molecule considered here, α-6T, MD is more efficient than MC. 
However, as the chain length increases, we know that MD will become progressively less and less 
efficient, because of the fast increase of the longest relaxation time of the molecule with molecular 
length. We thus expect the new MC algorithm to be more advantageous when longer thiophene 
molecules are simulated (especially if additional moves based on chain-connectivity altering 
schemes such as double bridging are introduced
62
) but this is an issue that deserves further 
investigation. 
 
Figure 12. Decay of the orientational relaxation function    0t u u  with CPU time. The results 
refer to a bulk system of 1120 α-6T molecules at T = 800 K and P = 1 atm. The black curve shows 
the result obtained from the simulation with the new MC algorithm and the red curve the result 
obtained from the MD method. CPU times have been corrected so that they correspond to execution 
using only a single CPU. 
 
5.3. Density, structural and conformational properties. As we have already discussed in the 
Introduction, oligo- and poly-thiophenes exhibit a very rich phase behavior diagram characterized 
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by the appearance of specific liquid crystalline morphologies as they are cooled down to lower 
temperatures (from their Iso phase at a high enough temperature). As a first step towards such an 
investigation, we report here simulation predictions from the new algorithm for the volumetric, 
structural and conformational properties of α-6T.23, 24, 44 In this paper, we limit our discussion only 
to the high-temperature behavior of this oligo-thiophene, above its Iso-to-Nem phase transition; and 
we will compare our results directly with the corresponding MD simulation predictions based on an 
all-atom model. A detailed analysis of the liquid-crystalline phase behavior of this thiophene-based 
oligomer from simulations with the new algorithm at lower temperatures will be presented in a 
future contribution. 
At temperatures above approximately 700 K, α-6T is in its isotropic molten state, exhibiting 
no long range orientational or translational ordering. Important properties to check at these 
temperatures include the density, the distribution of inter-ring torsion angles, and several radial pair 
correlation functions. We have obtained predictions of all these properties from the new algorithm 
at T = 740 K (almost 50 Κ - 60 Κ above the first transition point from the Iso-to-Nem phase44  and 
we have compared them with the corresponding sets of data from additional MD simulations using 
the flexible united-atom model. 
Table 5 shows the predicted densities the average square end-to-end distance 
2R  of α-6T 
molecules from the two simulations and it is evident that there is an excellent agreement between 
the two methods.  
 
Table 5. MC and MD simulation predictions for the density, average-square end-to-end distance 
2R  and percentage of t-t-t-t-t, c-t-t-t-t, c-c-t-t-t, c-c-c-t-t, c-c-c-c-t and c-c-c-c-c conformational 
states in α-6T (T = 740 K, P = 1 atm). The last three columns indicate the percentage of c-t-t-t-t 
states that contain one c-state either in the outer or in the inner inter-ring bonds. 
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The isotropic character of the system at T = 740 K is verified by computing several radial pair 
correlation functions. These include the radial pair correlation function  CoMg r  of the centers-of-
mass (CoM) of α-6T molecules (see Figure 13), and the intermolecular radial pair correlation 
functions  S-Sinterg r  and  
C-C
interg r  of S-S (see Figure 14a) and C-C pairs (see Figure 14b), respectively. 
Figure 13 shows that a structureless  CoMg r -vs.-r plot is obtained from both the MC and MD 
simulations indicative of complete lack of long-range translational order, consistent with the fact 
that at this high temperature α-6T is in its amorphous molten state. The first peak of the correlation 
function is quite diffuse and can be attributed to three contributions between nearest-neighbor inter-
chain rings.  Similar conclusions are drawn by observing the  S-Sinterg r -vs.-r and  
C-C
interg r .-vs.-r plots 
in Figures 14a and 14b, respectively. The graphs from the two different simulation methods are 
again structureless revealing complete lack of long-range positional order at long intermolecular 
distances. 
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MC 
0.97 ± 
0.01 
418.0 
±1.4 
22.3 
±1.6 
40.2 
±1.9 
27.5 
±1.8 
8.7 
±1.2 
1.2 
±0.5 
0.1 
±0.1 
42.5 
±2.9 
36.9 
±3.0 
20.6 
±2.4 
MD 
0.97 ± 
0.01 
418.0 
±1.4 
16.1 
±1.1 
35.5 
±1.7 
31.6 
±1.4 
13.7 
±1.0 
2.9 
±0.6 
0.2 
±0.2 
43.6 
±3.4 
37.3 
±3.5 
19.1 
±2.9 
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Figure 13. MC and MD simulation predictions for the radial pair correlation function  CoMg r  of 
the centers-of-mass of α-6T molecules at T = 740 K and P = 1 atm.  
 
 
 
Figure 14. MC and MD simulation predictions for the intermolecular radial pair correlation 
functions  S-Sinterg r  and  
C-C
interg r  of S-S (a) and C-C pairs (b) of α-6T molecules at T = 740 K and P = 
1 atm. 
 
It is clear that the conformation of an α-6Τ chain is essentially defined by the distribution of 
the inter-ring torsion angles. For two successive rings, the S-C-C-S torsion angle defines their 
degree of co-planarity while the C-S-C-C torsion angle their bending. The distributions of these 
angles at T = 740 K are illustrated in Figure 15. For each torsion angle, the distribution calculated 
for the two models are of the same form. The S-C-C-S distribution (see Figure 15a) shows that 
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successive rings tend to be co-planar since two intense peaks are located at   = 0° (cis state) and   
= 180° (trans state). Moreover, the C-S-C-C distribution (see Figure 15b) presents one intense peak 
at   = 180° indicating limited bending between successive rings. This peak is sharper in the curve 
computed from the MC simulations implying that bending is less favorable compared to that from 
the MD simulations. This difference between the two sets of simulation data is characteristic of the 
stiffer character of the united-atom model employed in the MC simulations (e.g., constant bond 
lengths and fully planar geometry of the thiophene ring). 
 
 
 
Figure 15. Distribution of the S-C-C-S -also names as 4 - (a) and C-S-C-C -also names as 3 - (b) 
inter-ring torsion angles from the MC and MD simulations, at T = 740 K and  P = 1 atm. Only the 
half of the horizontal axis is shown due to the symmetry of the curves. 
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Similar conclusions are drawn by observing the  S-Sintraw r -vs.-r and  
C-C
intraw r .-vs.-r plots of the 
S-S and C-C intra-chain pair density functions in Figures 16a and 16b, respectively. The graphs 
from the two different simulation methods are very similar, differing only in the exact locations of 
the various peaks; the latter correspond to characteristic S-S or C-C distances along an α-6T 
molecule between sulfur or carbon pairs located one, two, three, etc. thiophene rings apart. The first 
two peaks, in particular, are found at distances approximately equal to 3.3 Å and 4.5 Å from the 
MD simulations and equal to 3.2 Å and 4.4 Å from the MC simulations, which are directly related 
to the cis  o0   and trans  o180    conformations of the inter-ring S-C-C-S torsion angle, 
respectively. Essentially, the value of the S-C-C-S torsion angle S-C-C-S  defines the relevant 
arrangement of two successive thiophene units: if - o oS-C-C-S 90 ,90     the rings are in the syn-SS-
parallel configuration denoted as the ‘c-’ state whereas if o o o oS-C-C-S 180 ,90 90 ,180           the 
rings are in the anti-SS-parallel configuration denoted as the ‘t-’ state. The comparison of the 
heights of the peaks indicates that anti-SS-parallel configurations are favored in the isotropic state. 
The first three intense peaks in the  C-Cintraw r -vs.-r plot correspond to nearest-neighbor carbon sites 
(see Figure 16b). In all cases described here, the intra-atomic distances for the stiff model 
implemented in the MC simulations are slightly smaller than the corresponding ones obtained from 
the MD simulations using the flexible model. 
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Figure 16. MC and MD simulation predictions for the intra-chain pair density functions  S-Sintraw r  
and  C-Cintraw r  of: (a) S-S pairs, and (b) C-C pairs of α-6T molecules at T = 740 K and P = 1 atm.  
 
 The chain conformations can be grouped by counting the number of t- and c- states of the 
inter-ring angles (or the successive rings configurations) independently of their position in the 
chain. Hence, in the case of α-6Τ molecule five conformational states are defined and denoted by a 
sequence of five letters, i.e., t-t-t-t-t, c-t-t-t-t, c-c-t-t-t, c-c-c-t-t, c-c-c-c-t and c-c-c-c-c. Each group 
consists of a number of conformations that occur by mutual permutation of the constituent c- and t- 
states. Typical t-t-t-t-t and c-t-t-t-t states are depicted schematically in Figures 17a and 17b, 
respectively. The percentages of these conformations of the chains as computed as ensemble 
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averages from the MD and MC simulations for various temperatures are given in Table 3. It is 
evident that the more c-states are included in a conformational group, the less probable the 
appearance of this group is. 
 
Figure 17. Typical atomistic configurations of an α-6T molecule with the following sequence of 
conformational states: (a) t-t-t-t-t and (b) c-t-t-t-t. Inter-ring bonds in (b) are denoted according to 
their local numbers (1
st
, 2
nd
, 3
rd
). Sulfur atoms are shown in yellow and carbon atoms in grey. 
 
In the Iso phase the dominant conformational states are the c-t-t-t-t and c-c-t-t-t rather than 
the all-trans (t-t-t-t-t). Nevertheless, one can notice that the total percentage of t-states that are 
included in the conformations of the chains is approximately 68 % (see Table 3). For example, the 
percentage of t-states in the system at 740 K which is calculated as    
groups
group% #  states
i
i
t

  
comes out to be   69.6 % from the MD simulation and   74.6 % from the MC simulation. This 
finding is also consistent with the distribution of the torsion angles in Figure 15. It is also the reason 
why the intensity of the peak that corresponds to t- states is higher than the one that corresponds to 
c-states regarding the first group of ‘twin’ peaks that is shown in Figure 16a.  
Both models predict that in the isotropic phase at T = 740 K the population of c-t-t-t-t 
conformations is the highest (between 35% and 41% depending on the model) while that of c-c-c-c-
c the lowest. Furthermore, chain conformations that contain at least two c states are very high 
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(between 28% and 32% depending on the model) at this temperature (T = 740 K). For further 
details, see Table 5. 
 Given the high percentage of c-t-t-t-t conformation at T = 740 K, we have checked where 
the c-state is located along the α-6T molecule. The results are displayed in the last three columns of 
Table 5 from which we can observe that the largest percentage of c-states are located at the outer 
inter-ring bond (the 1
st
 outer inter-ring bond in Figure 17). Slightly smaller is their percentage in the 
2
nd
 inter-ring bond, whereas the least percentage is found in the 3
rd
 (and inner-most) inter-ring bond 
(see Figure 17). 
 
6. Conclusions 
We have implemented state-of-the-art MC moves, originally proposed for considerably 
simpler polymer structures and architectures such as linear and branched polyethylene, for the 
atomistic simulation of thiophene oligomers and polymers in the united atom representation. In our 
implementation of all moves, thiophene ring atoms are assumed to remain rigid and strictly co-
planar; inter-ring torsion and bond bending angles, on the other hand, are allowed to fluctuate 
subject to suitable potential energy functions.  Given the complexity of the moves for the molecules 
dealt with here, we ran several test simulations with the new algorithm using phantom chains (for 
which we could obtain analytical expressions for the distribution of bond bending and torsion 
angles) to confirm that all of them were correctly implemented in our code. For all moves, the 
phantom chain tests were successful.  
Test simulations with the new MC algorithm of an important thiophene oligomer for organic 
electronic applications, α-sexithiophene (α-6T), at high enough temperatures (above its Nem-to-Iso 
phase transition) provided predictions for its thermodynamic, structural and conformational 
properties that are in remarkable agreement with additional simulation data obtained from a more 
detailed, fully flexible model.   
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This work focused entirely on the high temperature behavior of α-6T where it remains 
isotropic. In a future publication, we will use the new algorithm to simulate α-unsubstituted OTs at 
lower temperatures to examine the appearance of liquid crystalline phases. We expect the new 
algorithm to be particularly promising for exploring the phase behavior of more complex 
polythiophene molecules which cannot be addressed by brute force MD due to the extremely long 
relaxation times characterizing chain dynamics in high molecular weight polymers.  
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Appendix A.  Acceptance criterion of the ring-flip move 
In the first step of the ring flip move, the position of atom 2 is altered by changing the rotational 
angle   that defines the rotation of this atom about an azimuthal axis connecting atoms 1 and 3 
(Figure A.1) with known bond lengths 12l  and 23l .  
 
Figure A.1. Schematic representation of the ring-flip Monte Carlo move.  
 
Thus, atom 2 lies on the circle †C  and its position can be expressed as 
   2 2 2 2 2 12 23, , , ,x y z l l r r          (A.1) 
In the second step of the move, the positions of atoms 4 and 5 are specified by applying the 
contraints of ring planarity and rigidity. In the local Flory frame of bonds 3-4 and 4-5, respectively, 
these can be expressed as 
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By using the following expressions: 
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for the corresponding differential volumes (see ref 70 in the main text), the probability of the new 
configuration is 
 
 
2 4 5
2
2 212 23 2
34 3 45 4 12 23 34 3 4 45 4 52 2
12 23 12 23 2
  exp
sin
exp sin sin
2 cos
P U d d d
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
 
 
 
r r r
  (A.4) 
where U is the total potential energy of the new configuration. In our implmentation of the ring-flip 
move, all bond lenths, bond bending and torsion angles involved in the above expression are held 
fixed. Thus, we can integrate them out, leading to: 
   expP U d             (A.5) 
Therefore, the Metropolis criterion of the ring-flip move following the implementation through a 
random selection of the rotational angle   should read: 
 acc min 1,  expp U               (A.6) 
where U  is the total energy difference between old and new states in the attempted move. 
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Appendix B. Theoretical expressions for the probability distribution of bond and torsional 
angles around the branch point for phantom chains 
B.1 Probability distribution of the bond angle quad  2,1 2,2 3,1 3,2, , ,     
To calculate the joint probability distribution   2,1 2,2 3,1 3,2, , ,P      of the bond angle quad 
 2,1 2,2 3,1 3,2, , ,     we work as follows. The probability distribution  2,1 2,2 3,1 3,2, , ,P      for the 
quad of bond angles  2,1 2,2 3,1 3,2, , ,     involved in the construction of the 2nd ring (see Figure 1 in 
the main text) is given by the equation: 
   
3 2
3 3 3 3 3
2,1 2,2 3,1 3,2 bend , 3 4 5 6 7
2 1
, , ,   exp i j
i j
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 r r r r r    (B.1.1) 
The position vectors of the atoms can be expressed in terms of internal degrees of freedom. For 
atoms 4, 5 and 6 we use the length of the bond, the bond angle and the torsion angle defining their 
position while for atoms 3 and 7 we use the bond length and the two bond angles: 
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3 3 3 3 3 23 2,1 2,2
4 4 4 4 4 34 3,1 4
5 5 5 5 5 45 4 5
6 6 6 6 6 56 5 6
7 7 7 7 7 37 3 3,2
, , , ,
, , , ,
, , , ,
, , , ,
, , , ,
x y z l
x y z l
x y z l
x y z l
x y z l
 
 
 
 
 





r r
r r
r r
r r
r r
         (B.1.2) 
Employing the Jacobians of these transformations (see ref 70 in the main text): 
2
23 2,1 2,2
3 23 2,1 2,2
2 2 2
2 2,1 2,2 2 2,1 2,2
2
4 34 3,1 34 3,1 4
2
5 45 4 45 4 5
2
6 56 5 56 5 6
2
37 3 3,2
7
2 2 2
3 3,2 3
sin sin
1 cos cos cos 2cos cos cos
sin
sin
sin
sin sin
1 cos cos cos
l
d dl d d
d l dl d d
d l dl d d
d l dl d d
l
d
 
 
     
  
  
  
 
  

   




  
r
r
r
r
r
37 3 3,2
,1 3 3,2 3,1
2cos cos cos
dl d d 
  
   (B.1.3) 
and considering that all the bond lengths  23 34 45 56 37, , , ,l l l l l , the bond angles 3 , 4  and 5  and the 
two torsion angles 5  and 6  are fixed, equation B.1.1 becomes: 
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 
 
2,1 2,2 3,1 3,2
3 2
bend ,
2 1
2,1 2,2
2 2 2
2 2,1 2,2 2 2,1 2,2
3,1 3,2
2,1 2,2 3,1 3,2
2 2 2
3 3,1 3,2 3 3,1 3,2
, , ,   
exp
sin sin
1 cos cos cos 2cos cos cos
sin sin
1 cos cos cos 2cos cos cos
i j
i j
P
U
d d d d d
   
 
 
     
 
   
     
 

 
   
 
   
   

4
 (B.1.4) 
which is the desired expression for  2,1 2,2 3,1 3,2, , ,P     . We observe that this can be broken down 
to the product of two independnet probabilities, one involving the pair of atoms  2,1 2,2,   and the 
other the pair  3,1 3,2,  . That is: 
     2,1 2,2 3,1 3,2 2,1 2,2 3,1 3,2, , , ,  ,P P P              (B.1.5) 
Indicating that the problem of calculating the probability of the quad  2,1 2,2 3,1 3,2, , ,     is reduced 
to the problem of calculating the joint probability of the dyads  2,1 2,2,   and  3,1 3,2,  , 
respectively. The two probabilities  2,1 2,2,P    and  3,1 3,2,P    have the same functional form. 
Therefore in Appendix B.2 we will focus only on  2,1 2,2,P   .  
 
B.2 Probability distribution of bond angle dyad  2,1 2,2,   
The probability distrubution of the bond angle dyad  2,1 2,2,   is obtained directly by integrating eq 
(B.1.4) with respect to 3,1  and 3,2 : 
   
   
2,1 2,2 2,1 2,2 3,1 3,2 2,1 2,2 3,1 3,2
2,1 2,2 bend 2,1 bend 2,2
2,1 2,2
2 2 2
2 2,1 2,2 2 2,1 2,2
,   , , ,
sin sin exp exp
1 cos cos cos 2cos cos cos
P d d d d P
U U
d d
         
     
 
     

       
   

    (B.2.1) 
Furthermore, given that 2  is constant, eq (B.2.1) shows that the probability distribution 
 2,1 2,2,P    is symmetric with respect to angles 2,1  and 2,2 . Thus, the probability distributions 
 2,1P   and  2,2P   for the two angles 2,1  and 2,2 , respectively, are given by the same 
functional form. This can be calculated by just integrating out in eq (B.2.1): 
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 
 
 
2,2 2,1 2,2
0
2,1
2,1 2,2 2,1 2,2
0 0
,
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d P
d d P

 
  
 
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

 
         (B.2.2a) 
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  
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

 
        (B.2.2b) 
 
B.3 Probability distribution of the interring dihedral angle 3 C-S-C-C   
The probability of dihedral angle 3  is directly related to the probability of the position of atom 3 
using the transformation    3 3 3 3 3 23 2,1 3, , , ,x y z l  r r : 
       
       
3 bend 2,1 bend 2,2 tor 3 3
2
23 2,1 bend 2,1 bend 2,2 tor 3 23 2,1 3
exp exp exp
sin exp exp exp
P U U U d
l U U U dl d d
     
        
           
           
r  r
 (B.3.1) 
For the phantom chain model where  tor 3 0U   , and given that the bond length 23l  is constant, eq 
(B.3.1) becomes: 
     3 2,1 bend 2,1 bend 2,2 2,1 3sin exp expP U U d d              r       (B.3.2) 
The probability of 3  is obtained by integrating eq (B.3.4) over 2,1 : 
     3 3 2,1 bend 2,1 bend 2,2 2,1sin expP d U U d                 (B.3.3) 
The bond bending angle 2,2  can immediately be calculated from the dot product of the vectors 23r  
and 28r as function of 2,1  and 3 . Expressing the positions of atoms 3 and 8 in the local Flory 
frame of bonds 2-3 and 2-8 (see Figure 1 in the main text) we have that 
23 23 2,1 23 2,1 3 23 2,1 3
cos , sin cos , sin sinl l l       r       (B.3.4) 
 28 28 2 28 2cos , sin ,0l l  r          (B.3.5) 
and finally: 
1 123 28
2,2 2 2,1 2 2,1 3
23 28
cos cos cos cos sin sin cos
l l
      
 
      
 
r r
     (B.3.6) 
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The corresponding normalized probability density of 3  is then 
 
   
   
2,1 bend 2,1 bend 2,2 2,1
0
3 2
3 2,1 bend 2,1 bend 2,2 2,1
0 0
sin exp
sin exp
U U d
d U U d

 
     
 
      
   

   

 
     (B.3.7) 
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